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Section 4.6 The Fundamental Theorem of Algebra

The complete factorizations of f(x) over the set of real numbers and over
the set of complex numbers are shown below.

x4—5x3+4x2+2xr~8=(x+1)(x-4)(x2—2x+2)
=@+ Dx-—Hx-0+ Nx - @ — 9]

Both products can be verified by multiplication.

— .

An expression that
plex roots. Zeros an
difficult to find, and

has even degree of 4 or greater may have only com-
d factors of such functions and expressions may be
the techniques illustrated in this chapter are of little
use. However, functions of odd degree must have at least one real zero,
and the corresponding expression must have at least one real linear fac-
tor. Therefore, a cubic expression can easily be approximately factored by
estimating one zero, which yields the real linear factor, using synthetic
division to determine the quadratic factor, and then using the quadratic
formula to estimate the remaining two zeros.

| CON\O\Q\’% \Q probhlems

In Exercises 1-6, determine if g{x) is a factor of fix}
without using synthetic or long division.

=20+ gl =x—la

2 fy=2-10 gx)=x-2

3 flx)=3x" - 6x>+2x — 1 glxy=x+1
4 fy=x2—-3x*+2xr -1 gx)=x-2
5. f)=x*-22+5x—4  gl)=x+2

6. f(x) = 10x75 —_ 8x65 + 6x45 + 4x32 . 2x15 +5
gx)=x-1

In Exercises 7—10, list the zeros of the polynomial and
state the multiplicity of each zero.

(D - #(x+%) .
8. g(x) = B(x + %)(x - %)(x * %) |

8. h(x) = 25(x — )4 x — (o + DI®

0. k) = (x = V7)x - V325 - 1)

(\. i In Exercises 11-22, find all the zeros of f in the com-
p‘lex number system; then write f(x) as a product of
linear factors.

3. fr) =3P+ ;7

Exercises 4.6 ((1\d 4o al\ 1 %mg\,\j

@. fy=x*—-2x+5

12, f(x) = 2 — 4x + 13
14, f(x) = 3x* —5x + 2
15. f(x) = x* — 27 Hint: Factor first.

16. f(x) = x*+ 125 17. fx) =x>+8

18. flx) = x° — 64
Hint: Let 1 = x* and factor * — 64 first.
19. f(x)==x*-1 20. fix)=x*—x*—6

21, flx)=x*-3*-10 22 flx) =2 — 722 — 4

In Exercises 23-44, find a polynomial f{x} with real
coefficients that satisfies the given conditions. Some
of the problems have many correct answers. '

degree 3; only zeros are 1, 7,—4
24 N\degree 3; only zeros are 1 andr -1
25. degree 6; only zeros are 1,2, .
26. degree 5; only zero is 2 |
27. degree 3; zeros -3,0,4; f(S) = 80
28. degree 3; zeros —1, J’z-, 2; f(()) =2

20, zeros include 2 + iand 2 — 1
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30. zeros ind-ude 1 +3fandl — 3i

@ Zeros include 2 ax\d 24

32. zeros include 3 and 4i — 1

93, zeros include =3, 1 — i1+ 2

34. zeros incdude 1,2 + i,3—-1

35, degree Z; geros 1+ 2iand 1 — 2i

degree 4; ZeT0S 3i and —3i, each of multiplicity 2

37. degree 4; only 2e108 are 4,3 + i,and 3 ~ i
38. degree b; ZerOS 9 of multiplicity 3. & and —i

39. degree 6; Zer0s 0 of multiplicity 3 and 3,1 + 1
1 — i, each of mubtiplicity 1
6; zeros include ; of multipticity 2 and 3

41. degree 2; ZETOS include 1 + & f(O) = 6

ee 2; Zeros inciude 3 + £ f2y=23

40. degree

42. degr
incudeiand L; (-1 =8

43. degree 3; zeros
iand -2 f@2) = 3

A4, degree 3; Ze10S indude 2 + 3

omial with complex

find a polyn
nditions.

In Exercises A5-48,
fies the given co

coefficients that satis
45, degree 2; ZETOS jand 1 — X

2; zeros 9iand 1 + i

and 2 — 1

N2, 1+iandl i

46. degree
47. degree 3; zeros 3, i,
48, degree 4; 7eros \/i,

find all the zeros. “Then WY \ %Q 1T

x3—2x2f2xﬂ3;zgr03

3+x2+x+1;zemi

61, xt + 3x° + 3% + 3x -+ 2; Zex0 i

52. x*—x3—5x2-x—6;zeroi

@ o= 2t 5x? — 8x + 4; Zero i of multiplicity

ational Functions

In Exercises 49-56, one zero of the polynomial is given;
: c\m{ed .%rvﬁtatement to show
' officients and odd degree must b

g4, - 67 + 29%° 6% + 68; zero 2 of multiplicity 2

55. x“f—4x3+6x2—4x+5;zer02—i

56, xt — 5x° 10x2 — 20x + 24; Zero %

= ¢ + di be complex
numbezs). Prove the
de and

bi and w
b, c, d are real
by compiting each si

57. Letz=4a %
numbers (@,
given equality
comparing the results.
aztw=zt 6 (The left side says: “Tirst find

2z + w and then take the conjugate.” The right
gide says: “First take the conjugates of zand w

and then add.”)
b.Z W=Z2" w

) be polynomials of degree n and

58. Let g(x) and R(x
1 numbers €y €z - Cor

assume that there aré 1+
gy SUCh that
glc) = h(c) forevery i

Prove that glx) = k(x). Hint: Show that each ¢; I
a root of f(x} = g(x) - h(x). If f(x) is nonzero,
what is its largest possible degree? To avoid a

contradiction, wonclude that f(x) = 13

59. Suppose f(x) = 2z + bx? + ex + dhas real
d z is a complex Zere of f.

coefficients an
a. Use Exercise 57 and the fact that? =1
isa real number, t0 show that
f(z)=az3+bzz+cz+d
_ S ra+d=f@
b. Conclude that Z is also a zero of f. Note:

f@y =fy=0=0
§0. Let f(x)bea polynomial with real coefficierts
z a complex zero of f. Prove that the conjugaté ¥
also a zero of f. Hink: Exercise 58 18 thescase Wit -
case s

f(x) has degree 3 the proof in the gener® &7
similar. - T

when

61. Use the Tactorization over the Real N
that every pol

o
real root.
62. Give an example ofa polynqmié_l-
complex, nonreal coefficients and
aurnber z such thatzis 2 7exq ci_f
conjugate is not- Therefore, the

Conjugate
2 doesn't have 1€
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Exercises 4.2

When asked to find the ze
exact zeros whenever poss

ros of a polynomial, find
ible and approximate the

other zeros.

In Exercises 1-12,
polynomial.

Vb + 3 —x—3

L 2x% -+ Bxt — 11X

find all the rational zeros of the

2 ¥ —x2-3x+3
s 4. 3¢ + 8% —x - 20
3 4 4x* Hint: The Rational Zero
Test can only be used on polynomials with
nonzero constant terms. Factor f(x)asa product
of a power of x and 2 polynomial glor) with
nonzero constant term. Then use the Rational

Zero Test on g(x)-

oxb — 3x5 - 7xt — 6x®

7. 5%

13 Lo %x + 1 Hint: The Rational Zero

12
Test can only be used on polynomials with integer

coefficients. Note that f(x) and 12f(x) have the
same zeros. (Why?)

2 4.1 3 5 o _'1
8. f3x +f2x --4x -x— g
J‘_‘?___ 3 _ 42 E _
9.3x X x+3x 2

10. 7 X — }ixﬁ - —16—x5 + X

11, 03x* —19x +3

12. 0.05¢° + 0.45x2 — 04x + 1

r the polynomial as a product
tor g(x) such that g(x) is either
al that has no rational zeros.

In Exercises 13-18, facto
of linear factors and a fac
a constant or a polynomi

13, 1 -+ x-—2 14.6x3ﬂ5x2+3x—1
15, x6+?_xs+3x4+6x3
16. x° — 2xt 4+ 2x* —3x + 2

17. x5—4x4+8x3~14x2+15x—6
18. x5+4x34-x2+6x

¢ the Bounds Test to find lower

In Exercises 19-22, us
the real zeros of the polynomial’

and upper bounds for

19. X3+ 22~ T7x +20

91, —x° — Bat ¥ gyx* + 18

In Exercises
mial.

2x3~5x2+x+2
@ 6x? — 1kt +6x— 1

"@:4+x3f19x2+32xﬂ12

o0, x3 — 15x* — 16x + 12

x2 — 68x + 176 Hint: The

Bounds Test applies only to polynomials with a
positive leading coefficient. The polynomial Fx)
has the same Zeros as - f(x). Why?

22, —0.002x° — B + 8x — 3

23--36, find allgmwl zeros of the polyno-

o4 -+ 2 —4-8

26. 22 +zt+2z+12

(WinYs Ty Y
B (WA (T

08, 3x° 4+ 2x* — 7¢% + 27
29, 2x% — x* — 10%° + 5x2 + 12x — 6

30. X* - x>+

31. xﬁ—-4xs—-5x4—9x2-¥-36x+45

32. x5+3x4—4x3—11x2—3x+2
33. 3x4+2x3—4x2+4x—1
34. «° + 8x* + 20x® + 9x% — 27x = 27

x4 — 48x° — 101x* + 49x + 50
—10x3 + 262 + 4t 10

35.
36. 3x7 + Bx® - 1325 — 36x*

37. a. Show that /2 is an jrrational number. Hink:
\/2 is a zero of x* -~ 2. Does this polynomial
have any rational zeros?

b. Show that \/3 is irrational.

38. Graph f(x) = 0.001%° ~ 0199 — 023x + 6in e

standard viewing window. :

a. How many zeros does f(x) appear to have?

Without changing the viewing window, expla“‘g

why f(x) must have an additional zet0- Hint: *

Fach zero corresponds to a factor of f(x). What

does the rest of the factorization consist off

b. Find all the zeros of Flx)-

39, According to the FBL, the number of peO_PhE
murdered each year per 100,000 population caft
be approximated by the polynomial ction .
f(x) = 0.0011x* — 0.02332° + 0114422 + 0.01.2;: :
51104 (0 = x =10), where x = 0 corresponc®

1987.




a. What was the murder rate in 19907
b. In what year was the rate 8 people per 100,000?
¢. In what year was the rate the highest?

40. During the first 150 hours of an experiment, the
growth rate of a bacteria population at time ¢
hours is g(f) = —0.0003# + 0.04 + 0.3 + 0.2
bacteria per hour.

a. What is the growth rate at 50 hours? at 100
hours?

b. What is the growth rate at 145 hours? What
does this mean?

¢. At what time is the growth rate 07

d. At what time is the growth rate —50 bacteria
per hour?

e. Approximately at what time does the highest
growth rate occur?

#. An open-top reinforced box is to be made from a
12-by-36-inch piece of cardboard by cutting along
the marked lines, discarding the shaded pieces,
and folding as shown in the figure. If the box
must be less than 2.5 inches high, what size
squares should be cut from the corners in order

fold along ————

- cut along

ith a lid is to be made from a 48-by-24-
-of cardboard by cutting and folding, as
the figure. If the box must be at least 6
what size squares should be cut from
ers in order for the box to have a

000 cubic inches?
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43. In a sealed chamber where the temperature varies,
the instantaneous rate of change of temperature
with respect to time over an 11-day period is iu
given by F(t) = 0.0035t* - 0.4£2 — 0.2 + 6, where :
time is measured in days and femperature in
degrees Fahrenheit (so that rate of change is in
degrees per day).

a. At what rate is the temperature changing at the
beginning of the period (t = 0)? at the end of
the period (¢ = 11)? ‘

b. When is the temperature increasing at a rate of ER
4°F per day? 8
¢. When is the temperature decreasmg at a rate of
3°F per day?

d. When is the temperature decreasmg at the
fastest rate?

44. Critical Thinking
a. If c is a zero of

flx) =5x* — 4x® + 3x* — dx + 5,

show that % is also a zero.
b. Do part a with f(x) replaced by g(x).
g(x) = 2% + 3x° + 4x* — 5% + dx® + 3x + 2
. Let
fx) = ax + g™ + -+ +ax + o
1f ¢ is a zero of f, what conditions must the

coefficients 4; satisfy so that % is also a zero?




